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CN ' Abstract: From the black hole thermodynamics point of view, we show that the entropy 

^^ • function f and the free energy F are related via f = eigj + ^HQi^i, ~ W ^^h- Assuming the 

CN . entropy function is known for extremal black holes, we propose an approach to calculate 

the entropy of non-extremal cases by slightly moving the extremal black hole geometry 
from extremality. The entropy of non-extremal D1D5- and DlD5p-hranes in the presence 



^D of higher derivative corrections are computed as concrete examples. An attempt has also 

00 ' 

been made to explain why the entropy function method can calculate the corrected entropy 



without knowing the exact form of black hole solution in higher derivative gravity theories. 
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1. Introduction 

The entropy function fornialisni proposed by Sen, turns out to be a very powerful method 
in computing extremal black hole entropy in the presence of higher derivative gravity terms 
Q. Usually, the entropy function method is composed of three steps. The first is to write 
near horizon geometry of an extremal black hole in n dimensions into AdS2 x 5"^^ with 
constant radii Vi. The next step is to assume the coupled electric, magnetic fields, and 
scalar fields to be some constants Ui. Finally, introducing a function (a function of Vi 
and Uj), which is the integral of Lagrangian density over the horizon S"^~^ and performing 
the Legendre transformation of this function with respect to electric field strengths and 
extremizing it with respect to the scalars Vi and Ui. The entropy function method extends 
the understanding of the attractor mechanism by showing that not only scalar fields but 
also every parameter of the near horizon geometry of an extremal black hole can be fixed 
by extremizing a function evaluated near the horizon. 

Actually, the entropy function formalism makes the computation of Wald's entropy 
formula H, a more general formalism for computing black hole entropy in the presence 
of higher derivative terms, much simpler. Even though the entropy function formalism is 
initially claimed to work for supersymmetric extremal black holes in supergravity theories, 
there are several attempts to apply the entropy function to non-supersymmetric extremal 
black holes |, |, |, |, % |, |, |^, |ll|, |l2|, |l|, |l|, ||] and even non-extremal black holes 



1 16, 17 1 . However, several problems are required to be clarified on the entropy function 
formalism: 

1). It is amazing that only from the near horizon geometry, the entropy function formalism 
computes the entropy of an extremal black hole by means of a Legendre transformation. 
However, people usually use the full spacetime geometry to compute the black hole entropy. 
Therefore, how to relate the entropy function formalism with the traditional understanding 
of black hole thermodynamics? Fortunately, this problem has been discussed by several 
authors in Ref|jl8|, |l9|. The authors established the connection between the entropy func- 
tion method and the traditional Euclidean approach for black hole thermodynamics at zero 
temperature limit and found that the entropy function agrees with the zero temperature 
limit of the Euclidean action. 

2). In some of the literature, the entropy function method has been extended to non- 
extremal black holes. However, there are no attractor mechanisms for non-extremal so- 
lutions. How to grantee that the extension of the entropy function formalism is safe? 
This is the main purpose of this paper. We first discuss the relations between black hole 
thermodynamics and the entropy function formalism and then we propose a method to 
compute the entropy of near extremal black holes when higher derivative gravity terms 
are taken into account. The main idea of our method is that we slightly move the black 
hole geometry from extremality where the extremal entropy function is still valid. In this 
case, the near-extremal black hole entropy and the extremal black hole entropy function 
approximately satisfy a equation TS' + T'S ~ fex- One can solve this equation to obtain 
the near-extremal black hole entropy. 
3). The near horizon metric ds"^ = vi{—r'^dt^ + -^) -|-f2rf^n-2 ^^^ used in obtaining higher 



derivative corrections to extremal black hole entropy. It seems that one can calculate the 
corrected entropy without knowing the exact metric of extremal black holes in higher 
derivative gravity theory. We will explain this point by showing that the AdS2 x S"'~'^ 
geometry does not change in the presence of curvature square terms. 

It is found in the present paper that the entropy function f and the free energy F 
are related by f = ejqj + ^nQi^i, — ^ Ir^ • Our results imply that applying the entropy 
function method to non-extremal black holes might have difficulties, because the near hori- 
zon geometry of non-extremal solutions in higher derivative gravity theory are not always 
AdS2 X S^~'^. As to the third point, Sen speculated that in any general covariant theory 
of gravity coupled to matter fields, the near horizon geometry of a spherically symmetric 
extremal black hole in n dimensions has S0{2, 1) x SO{D — 1) isometry^^. In four and 
five dimensions, this postulate was proved in pl| , p2| , p3| . The near horizon geometry 
of non-extremal black holes in the presence of higher derivative gravity terms might not 
have the SO{2, 1) x SO{D — 1) isometry, and also there is no attractor mechanism for 
non-extremal black holes. However, in order to overcome the above difficulties, we focus 
on a class of black holes which have extremal correspondences and whose entropy can be 
obtained from the entropy function formalism. Once the behavior of an extremal black 
hole is known by using the entropy function formalism, we put some "excess" energy into 
the extremal black hole and make it "near-extremal" with low but non-zero temperature. 
With this non-strict approach, we can calculate the entropy of non-extremal black holes 
including the higher derivative corrections. 

The paper is constructed as follows. In section 2 we establish the connections between 
black hole thermodynamics and the entropy function formalism for non-extremal black 
holes. In section 3 we review the relations between the near horizon geometry of extremal 
black holes and the higher derivative gravity corrections. In section 4 and section 5, we 
give two examples of how to extend the entropy function to non-extremal black holes when 
higher derivative corrections are taken into account. Section 6 contains concluding remarks. 

2. Entropy function and Euclidean black hole thermodynamics 

To be general, we start from an n-dimensional universal metric 

ds^ = Qijdx'dxK (2.1) 

According to Sen's entropy function method, the metric is required to deform into a metric 
of extremal black holes with near horizon geometry AdS2 x S"^, namely [|| 

ds^ = VI (-r^dt^ + %-) + V2dnl_2. (2.2) 



where vi and V2 are assumed to be constants. We do not deform the metric ( |2.lD into near 



horizon geometry and the advantage of the deformed metric (2^) will be discussed later. 



Now we denote / as function of the lagrangian density V— det g C on the horizon with the 



following form ^ 

/= I dx^...dx''^-deigC, (2.3) 

where the lagrangian density may include gravitational fields, scalar fields, gauge fields and 
covariant derivatives of these fields i.e. C = C^'^^^ -\- £corr^ ^^^ {x^...x"'} are the angular 
coordinates. The Euclidean action can be obtained by doing a Wick rotation t — > it, i.e? 



Ie = I drdrf. (2.4) 

For a stationary black hole, we have 

Ie = P I drf = (3F, (2.5) 



where /3 is the Euclidean time and -F is the free energy according to Hawking and Page|] 

Now we would like to discuss the relationship between the function / and Wald entropy 
formula. Consider the lagrangian as an n-form L('0), where V = {gab,Rabcd,^s,F^b} 
denotes the dynamical fields considered in this paper, including the spacetime metric gab, 
the corresponding Riemann tensor Rabcd, the scalar fields {^s, s = 0,1,- ■ ■}, and the U{1) 
gauge fields F^^ = daA^ — dhA^^ with the corresponding potentials {A^, / = 1, • • • }. Under 
this definition, the variation of L is 

(5L = E^5V + d&, (2.6) 

where is an (n — l)-form, which is called symplectic potential form, E^ corresponds to 
the equations of motion for the metric and other fields. Let ^ be any smooth vector field 
on the space-time manifold, then one can define a Noether current form as 

J[^] = e(V^,£^V)-^L• (2.7) 

We will consider ^ to be a killing vector vanishing on the bifurcation horizon. Thus, 
C^Tp = and @{ip, C^ip) = 0. The fact that dJ[^] = will be preserved when the equations 
of motion are satisfied shows that a locally constructed (n — 2)-form Q[,^] can be introduced 
and an "on shell" formula can be obtained 

m=dQ[C]- (2.8) 

Wald's analysis based on the first law of black hole thermodynamics showed that for general 
stationary black holes, the black hole entropy is a kind of Noether charge at horizon Q 
and can be expressed as 

Sbh = 27: ! Q[C] , (2.9) 

Jh 



^The function defined here is difi'erent from that of Sen's definition in that / = 2nT' fs. 
■^More precisely, by doing a Wick rotation t -^ ir, function / should be replaced by 

fE= dx ...dx"^det gE £{ir). 

However, we do not need to distinguish / from fs since they have the same value. 



where ^ represents the Kilhng field on the horizon, and 7i is the bifurcation surface of the 
horizon. It should be noted that the Killing vector field has been normalized to have unit 
surface gravity. Integrating over a Cauchy surface C on Eq.( |2.8| ) and using Eq.(^), we 
find that 

fj = -U-L= f dQ[^] (2.10) 

In an asymptotically flat spacetime, we have the interior boundary at the horizon 7i and 
the outer boundary at infinity oo. We obtain 



fdQm= /" Q- / Q, 
where we have used the Stokes theorem. The Euclidean action Ie corresponds to 



^E = -J, 



where B is an (n — l)-form defined as 



eL+ / t-B 



(2.11) 



(2.12) 



5 tB= t e. 
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From Eqs.(^), ( ^ ), pUD and (|2l^ ), one finds that 



F+ / t B 

'oo 



Q- / Q 

Jn 



(2.13) 



Note that the "canonical energy" £ and the "canonical angular momentum" J' are defined 

byi, 



£= [ {Q[t]-t-B) 

J oo 

J = - [ QIv']- 



(2.14) 
(2.15) 



For an asymptotically flat black hole metric, one can choose the Killing vector as ^° 
i° + ^^(f? \ with i^H the angular velocity of the horizon, then one obtains 



Jn 



The variation of Eq.( 2.16 ) leads to 



6F = 6£-%6J^-6 f Q[C 

Jn 



(2.16) 



(2.17) 



The Noether charge is composed of the contributions from the U{1) gauge fields and grav- 
itational fields, that is to say 



Q = qF + Q9 + .. 



(2.18) 



where 
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dFL 



S -^c^abai---an 



Ql- 



dC 



■O-n-2 



OR. 



abed 



^ [cZd]^abai---an-2 ■ 



(2.19) 
(2.20) 



Now, following the work of Ref.[25|, we consider a stretched region near the horizon ranged 
from rn to rn + Sr, i.e. 



IH 



ru+ir 



(Q^ri + Q^ri) 



(2.21) 



rn 



Taking account of the Killing equation, we have Vra^w = 2Keab (where k is the surface 
gravity of the hole), and the two parts are found to be[25| 



rrn+^T 









€i^[dt + ^Hd^] = -{qiei + nHqiA'^)Sr + 0{5r 



(2.22) 
(2.23) 



where Eir) is defined as 



f dC 

^('^) - - / TTB f^ab^cddx^ ■ ■ ■ dx"-2 . 

Jh (J^abcd 



(2.24) 



The above formula is exactly the Wald formula for entropy without the factor 27r Q. 
According to the definition of entropy function in (4.4) of p^], we find E(r) is related to 
the entropy by 2'j:E{rH) = S. e/ and the U{1) electrical-like charges in Eq. ( 2.23| ) are 
defined to be 



A'l = (d^rAi, 



Ql 



{n-2)\dFl, 

d f ^ ^ab 

deiJr„2{n-2)l 



^abai---an—2 "^ /\ * * * /\ CIX 

C „. „ „ dfirH) 



e^'eabai-a^-adx"! A-.-Adx'^-^ 



dei 



(2.25) 
(2.26) 



(2.27) 



where we have written F^^{rH) as —ejeab- If the near horizon extension rjj ^ rjj + 6r is 
also done for the free energy, we find that 



rrH+Sr 



SF 



/ fdr = -f{rH)Sr + 0{Ar^ 

Jru 



(2.28) 



Substituting Eqs. (|2^, (g^) and ( ^^281) into Eq. (|2T7D , we obtain 

'firn) - qiei - nnqiA'') 6r = 6£ - %SJ^ - {S6T + T6S). (2.29) 



This formula describes the first law of black hole thermodynamics written in terms of F. 
In fact, one can show that {qiej + QhQi^L )Sr is related to ^SQ where $ = ^""Aaln is the 
electrostatic potential on the horizon of the hole and Q = f -^r^abai—an-2 i^ the electric 

ab 

charge[£6|. According to Sen's entropy function definition, the entropy function is defined 

by 

f = -firH) + qiei + ^i/g/Aj'. (2.30) 

Finally, we come to the equation for the entropy function 

{6r = 6£-n^H6Jf,-{S6T + T6S). (2.31) 

From the first law of black hole thermodynamics, we know that 6£ = T5S + ^^6J^, and 

Ur = S6T. (2.32) 

It becomes clear that the entropy function is closely related to the free energy via 

f = ejqi + nnqiA^ " ^ |r^- (2-33) 

Note that the discussions on the relations between Wald entropy formula and the entropy 
function method in Ref.|p5| only works for spacetimes with vanishing "canonical energy" 
i.e. £ = (for example pure de Sitter space or pure anti-de Sitter space), because the 
boundary condition at infinity is not included in their discussions. We also emphasize 
here that Eq.( 2.3l] ) describes the relations between the black hole thermodynamics and 



the entropy function in an asymptotically flat space. When we extend our discussions 
to asymptotically anti-de Sitter (AdS) or de Sitter space, we need impose corresponding 
boundary conditions because the mass definition in asymptotically AdS spaces is different 
from that in asymptotically flat spaces. 

In the zero temperature limit, our results agree with the results obtained in Ref . fl^, p^ . 
We know that F = TIe, so Eq.( p.33 ) becomes 



f = eiqi + ftnqiAl' - Tl'j, - T'Ie- (2.34) 

When T — > 0, we find that 

fex = eiqi + QnqiA'^' - T'Ie = ST'. (2.35) 

We can redefine e/ = ej/T' , f = iex/T' and A{ = A{ /T', and obtain 

f = ~eiqi + O^g/ii -Ie = S. (2.36) 



The above equation was first obtained in Ref. 1 18, 1£]. Comparing the thermodynamic 



result Eq.( 2.3q ) with the Sen's entropy function, i.e. 

S = 2TT{eiqi - fsen)- (2.37) 

We have (see also [jl8|, ||]) 

ei = 2nei, qi = qi, Ie = 2TTfsen- (2.38) 



We emphasize that Ie in Eq.( 2.36 ) is defined in the zero temperature Umit,in particular, 
the free energy is also evaluated in the zero temperature limit. In this sense, the Euclidean 
action in Eq.( p.36 ) is quiet different from Euclidean action for the non-extremal black holes 

m- 

3. Near horizon geometry and higher derivative curvature terms 



Now let us interpret Sen's entropy function method from Eq.( 2.31 ). Usually according 
to Sen's entropy function method, if we can deform the near horizon geometry of ex- 
tremal black holes into AdS2 x S*""^, the calculation of Wald's entropy formula Sbh = 
— 27r r (P~'^x\/hjT4^ — ^ab^cd bccomes very simple. Remarkably, even without knowing the 
solutions in higher derivative gravity theory, one can obtain the higher order corrections 
to entropy of extremal black holes (such as extremal 3- and 4-charge black holes in string 
theory [27, |2^). Here we explain why Eq.(p.2D makes sense in obtaining higher derivative 



entropy corrections. 

We give a demonstration for AdS spaces together with curvature squared corrections. 
The general action of n-dimensional -R^-gravity with cosmological constant and matter. 
The action is given by 

/ = fd^x^^l^^^i? -A + aR^ + bR^.R'"' + ci^^.p^i?^""" + cA , (3.1) 

where a, 6, c are arbitrary small coefficients derived in string theory, Cm is the lagrangian 
for the matter fields, and the negative (positive) constant A creates an AdS (dS) space 
with radius l"^ = — iqJq ^ ■ By the variation over the metric tensor g^,^, we obtain the 
equation of motion, i.e. the Einstein equation with R^ corrections 

^^ (r,.u - \g^,uR + 87rG„5,..A) = 7;T""' + a{]^g^,R^ - 2RR^, + 2V^V,R - 2g^,aR) 
+b {^g^.Rp^R'"' + 2V^VaR'^ - OR^, - g^u^R/2 - 2R'^R^, 

+ C (^gf^uRa^paR"^"^ - 2R^o.paRj""' " ^^R^u + 2V^V,R + 4i?^i?,, - 4R''^ Rpc^ufi^ (3.2) 

Since the near horizon geometry of extremal black holes always has the geometry of AdS2 x 
S^~'^, we may consider a pure AdS space in the Poincare coordinate, where the AdS metric 
is considered as the near horizon limit of an extremal black hole and temperature of the 
AdS space is therefore zero. The unperturbed AdS metric reads 

1 P 

ds"^ = ^r-r{-dt^ + dx^) + ^dz^, (3.3) 



where z = 1/r with respect to ( |2.2[) . We choose the metric (|3.3| ) which is the Poincare 
coordinate that covers part of the manifold, because the near horizon geometry of extremal 
black holes is always AdS2 x S^~'^. Following Ref.|29], we can calculate the curvature square 



corrections to metric 



straightforward. The perturbed metric turns out to be 



ds' 



^2/2 



1 + 



16(n - 4)7rG„ 
(n - 2)P 



((n — l)na + (n 



+- 



f 



, 16(n-4)7rG„ 



1)6 + 2c) ) dt^ + dx^ 



dz' 



((n- l)na + (n - 1)6 + 2c^ 



(3.4) 



From ([j.4|), one can find that, at least to the first order of a, 6 and c, the E? corrections 
have no effect on the geometry of AdS space except the AdS scale. Therefore it is safe 
to compute the higher curvature corrections to extremal black hole entropy by using the 
unperturbed metric, i.e. the near horizon geometry ( |2.2| ). Actually, this is not restrict to 
extremal black holes with near horizon geometry AdS2 x S"""^. We found that for pure de 
Sitter space the entropy with higher derivative corrections can also be obtained without 
knowing the corrected metric [ 30 1. 



4. Entropy for non-extremal DlD5-branes with i?^ corrections 



The entropy function formalism works well for extremal black holes, since the near horizon 
geometry of extremal (i.e. BPS) black hole has the exact geometry of AdS2 x S"""^. To 
extend the entropy function formalism to non-extremal black holes, we will move away from 
the extremality slightly. We assume the temperature of non-extremal black holes Th <C 1 

-Ie- From Eq.(^ 



and then the entropy S 



~^ dT 



Ie 

TS' + T'S 



t 



and Eq.(2.35), we have 

(4.1) 



Therefore, once we know the entropy function for extremal black holes, we can obtain 
the non-extremal black hole entropy by considering small non-extremality. To make sure 
the above proposal works well for non-extremal black hole when higher derivatives correc- 
tions are included, we first make a doubt check on non-extremal L'lDS-branes, which was 



recently calculated in Ref.||31|. 



4.1 Entropy function method 

The type II supergravity action in string frame read as 
1 



S 



II 



IGttG 



10 



d^'xy 



-gs e 



,-2</. 



R + Ad, 






where cj) is the dilaton, Ht^\ is NS-NS 3-form field strength, and F(„) is the electric R-R 
n-form field strength where n = 1, 3, 5 for type IIB supergravity and n = 2, 4 for type IIA 
supergravity. The near horizon geometry of non-extremal DldS-branes, which is given by 
the following line-elements 



ds' 



y/QiQz 



rl 

r.2 



l-i^)dt2+dy2 



+ ^%^(1 



r|, 



-20 



Qi 



Irty 



'Qi' 



Irtyzi...Z4 



'dr' 



'Q5 



+^/Q^^dQl + \H^Y.'^^^ 




1=1 



(4.3) 



We can see in the following that even we start from extremal D1D5 systems, the non- 
extremal Z)lD5-branes entropy can be obtained by using ( [4.1D . The extremal metric D1D5- 
branes systems reads 

ds' = -^ [-dt^ + dy^] + ^IS^dr^ +VQ^^d^l + Mt.d^f (4.4) 
VQ1Q5 J r^ V ^5 i^ 

In order to apply the entropy function formalism to the extremal DlDS-branes, one should 
deform the near horizon geometry to the most general form which is the product of the 
AdS-Schwarzschild and S"^ x T^ space, 



2 



ds = vi 



r 



2 



VQiQt 



[-{dt' + dy'] + ^^dr^l + V2iVQ^^dnl + Mt.d^f\ 



3 



e '^'f' = -—u, Frty = 2 K^ = ei, Frtyzi...z4 = "^t^v^v^ = 62, (4.5) 

where vi, V2, u are assumed to be constants. The function / is defined to be the integral 



of the Lagrangian density over the horizon, so from ( [4. 21) and (4^) we can write 

1 



fivi,V2,u,ei,e2,r) = / dx ^/^£ 

_ _ViV3}4r 3/2^-1/2 3/2 7/2 
" levrGio^i ^' ' ' 



6uQi{vi-V2) , QlQl „2 , Q 

2i;?r 



3 + V3^"i + —^ "2 I , (4.6) 

QlviV2 ^''^'' 2Qlvlvir^ 



where Vi is the volume of S"^, V3 is the volume of the 3-sphere with unit radius, and V4 is 
the T volume. The entropy function is then written as 

f ( \- ( ^f f\ ^1^3^4 3/2 7/2 ( QU{V2-VI) ^ 2 2 \ 

iex{vi,V2,u) = ei- / = f/ v^ r + — + — 4.7) 

V aei J levrGio V ^1^2 v!^ vjj 

Now, we use the entropy function equation TS' + T'S ss f(,x{vi,V2,u), where the surface 
gravity is given by k = \/W^ ■^\f--gtt = iZ q^ ■ Solving the entropy function equation, we 
find that 

S = -|„^ VQ1Q5V1 V2 r + — + — • 4.8) 

I6G10 V ^'i^'2 v^ vy 

Extremizing S with respect to Vi and Uj, we obtain 

— -n— -n— -n 

dvi ' dv2 ' du 

with the following solutions 

^^1 = ^^2 = 1,"" = 1- (4-10) 



10 



Substituting the above values back to Eg. ([4.^), we finally obtain the entropy for non- 
extremal DID 5 branes 

(4.11) 



Sbh 



ViVsV^roVQlQl 



horizon 



AG 



10 



where ro is the event horizon radius. The result agrees with that of Ref. [31|, but the 
method here is rather simpler. 

We can see in the below that even when the higher derivative terms are included, the 
entropy function equation still works well. When the next leading order Lagrangian for 
type II theory is included, the action becomes |32] 



* = Io^/'''°^^{^'"" + '"*(^'^'}' 



where 7 = oC(3)(a')'^ ^'^^ ^ can be written in terms of the Weyl tensors 



jjr /~ihmnk(~i (~i Tsp(~iq _i_ _r^hkmnr^ r^ rspr^q 

''' — '-' ^pmnq^h '-' rsk ' n^ ^pqmn^h ^ rsk 



(4.12) 



(4.13) 



For the metric configuration (|4.5| ), the contribution of the above higher derivative terms to 
the entropy function 



Ai{vi,V2,u) 



-7M- 



ViV3ViVUIQ^_ 3 r 



levrG 



10 



v{ V2 r 



3(35u| - 20i;Ji;2 + 18f ft;| - 20i;iu^ + 35v 



t 



L4) 



32QlQlv\vl 

Substituting (4/7) and ( 4.14 ) back into the entropy function equation TS'+T'S ss {ex{vi,V2, u) + 
A{{vi,V2,u), we find that 



S\ 



r=ro 



^1^3 ^4 / ^ ^ 3/2 7/2 f6u{v2-Vi] 

1«/^ VQ1Q5V1 ^2 ^0 

I6G10 V ^^1^2 






-7 



Vo^i 



-3(35f| - 20vlv2 + 18t;f t;| - 20t;it;^ + 35^;^) 

' 32gfQpK 



(4.15) 



The final result can be obtained by extremizing £ with respect to vi, V2 and n, that is to 
say, 

dS dS dS ,, , 

^— = 0, T^ = 0, — = 0. 4.16 

OV\ OV2 ou 



The solutions yield 

ui = 1 — 7 



51 , 27 , 33 ,,,^, 

3- , 172 = 1 - 7 3- , u = l + 7 3- . (4.17) 

32(QiQ5)5 32(giQ5)^ 8(^1^5)^ 



We finally obtain the entropy of non-extremal DlD5-branes under higher derivative cor- 
TGctions 

Sbh = 77^ 1 - iTTFTTTTTTF^ + 0{j ) • (4.18) 



4Gio r '8(QiQ5)3/2 

Again, we reproduce the result of Ref.[31|. Now it is safe to extend this method to more 
general conditions. 



11 



4.2 Wald's formula for the i?^ term 

We can also calculate the i?^ correction to the entropy of DlL)5-branes by using the Wald 
expression, which is given by 

Sbh = -27r / d^xVh-- e^^ep,, (4.19) 

where Cui, is the binormal to the bifurcation surface, and eu^e^'^ = —2. The Wald entropy 



for AdS-Schwarzschild has been calculated in p^ ] and we will follow the method in [33| to 

d_ 
dt 



calculate the entropy for D1D5 systems. One can choose e^jy = S,^r]i, — ^jy//^, where C = ^ 



is the Killing vector field, and rj = —g^ 'Bt~W^^ ^^^ ^^^^ vectors normal to the bifurcation 
Killing horizon. Now, keeping in mind that e"^''^ = ^, we can rewrite the R^ corrections 
to the Lagrangian, 

AL = — ^^^^ W (4.20) 

IQttGioQi 

Therefore, the corrections to the entropy is given by 

^Sbh = -^77-75- / dx Vh— e^^€p„ = - / dx Vh— — e^^ep, 

(4.21) 
Using the unperturbed metric Eq. ([4.3| ), one can obtain 

(4.22) 



dW dCahrA 9 



dCabcd dRpupa 4 (^Q^Qr 



3 • 



Note that the integral of Wald entropy is defined over the horizon H = S^ x S"^ x T^ and 

r- ^ -i 
vh = QiQ^^tq. Finally, we obtain 



'''''" = 'Who;) <'■'" 



The total entropy becomes 



Sbh = T7^ 1 - 7— — — -r > (4-24) 



which agrees with Eg. ( 4. 18 ). 



5. Entropy of near-extremal DlD5p black holes 

In this section, we extend the method of the modified entropy function to calculate near- 
extremal 3-charge black holes. In the following of our calculation, we assume that the 3- 
charge black holes is near extremal with small temperature so that we can use the extremal 



black hole entropy function and Eq.(4J) to compute the entropy of near-extremal DlDbp 
black holes. 
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5.1 10-dimensional case 



The entropy of extremal DlD5p black holes in the presence of higher derivative corrections 
can be easily computed using Sen's entropy function |28]. By releasing the extremal con- 
straint slightly, we hope to compute the non-extremal 3-charge black hole approximately. 
The near horizon geometry of DlD5p metric is M3 x S^ x T'^ where M3 is the deformed 
AdSs geometry. 

The non-extremal black hole metric in n = 10 is given as follows in string frame 



dsfo = {Mr)f5{r)y2 [-dt^ + dz^ + K{r){coshadt + smhadzy] 
+ {fiir)/h{r))'^dxl + h{rf2f,{rf^[-^^^+r'dnl], 

h 



-2(j) 



where 
K(r) 



t /iW-l + % = l + ^:^^, /5(r)^l + % = l + ^i^, 



The conserved charges carried by this hole are 

yrnsinh2a , ^ rgsinh2x 



iVi 



'^g.sa' 



/3 



N. 



29sa' 



N„ 



RlVr^smh2a 



(5.1) 



(5.2) 



(5.3) 



where V = R^RqRtRs, Ri{i = 5, 6, 7, 8) denote the radii of the four coordinates in x\\ , and 
Rz is the radius of the compact dimension z, along which there is a momentum P. The 
extremal limit can obtained by 



ro — > 0, a ^ 00, X ~^ oOi o" ~^ 00, 



(5.4) 



while holding Qi,Q5, and Qp = rgsinh^o" fixed. The near horizon geometry of extremal 
DlD5p system has the following form 



ds^ 



vi 



—===cit + ^/ QiQ^^^ + —=== 
VQ1Q5 ^ VQ1Q5 



dz^ - 2—S^dtdz] 



V2\ VQiQ^dnl + J^dxf 1. 

V V5 



(5.5) 



When Qp = 0, the geometry is AdS^ x S"^ x T^. The entropy function for extremal DlDBp 



black holes can be obtained from ( [4.2]) and (5^) (see also [pq]), 



t 



^n'RVT4 f -1 f I 
rQi Q5 Vi V2 



^Us{v2-vi) 01, 2_ 2 



{QiQby^viV2 Qi ^2 V2' 



(5.6) 



levrGio 
where the value of vi, V2, Ug can be obtained by extremizing the entropy function 

Vi = V2 = Us = 1. (5.7) 
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Substituting the above formula into the equation 

TS' + T'S « fe., (5.8) 

w^^ere T = 2^.0 cosh a Lh x cosh a ' ^gain we obtain 

2TTRVr^ 
Sbh = 27riS = — - — j-^ cosh a cosh x cosh a. (5-9) 

Actually, the entropy functions for extremal DlD5p black holes at n = 5 and n = 10 are 
identified with each other. So, we reproduce the entropy for non-extremal DlD5p black 
holes. 

5.2 R'^ corrections to non-extremal lO-dimensional DlD5p black hole entropy 

The i?^ corrections to extremal 3-charge black hole entropy was obtained in |2^. In this 
subsection, we will extend the previous results to non-extremal case. Usually there are 
several forms of higher order of corrections in type II superstring theory, we can consider 
the higher derivative corrections in [^ 

J Tjhmnk t> t> rsp jyq , 1 ryhkmn tj p rsp jyq 

J-^1 — J^ J^pmnqJ^h J^ rsk '2 ^^pqmn^h ^ rski 

(5.10) 

r P'i's^lp T>msqnT> P _L 1 K> P P9* J? mn , n p p Tynqsm\ 

-'^2 — -n- \2-'^hnpk^^ J^msq ~r j^J^hpmn^^k J^qs ~r J^hmnp^^kqs -'i- ji 

T Ti(\Ti ff^PQ^ ff mn j_ n T>h P nnqsm\ 

^3 — -'''V4-'*'/ipmn-'i- -n-qs \ ^^hmnp^^ qs ^^ )i 

where 7 = gC(3)a'^ and A is a parameter which signifies the ambiguity in the field redefi- 
nitions of the metric. Now the corrected entropy function becomes 



iovrCrio 



6u.(f2-fi) ,0^,'^.]^^ 



lv\ -h 7r;| -F 6AQ| {v\ - V2v\ ^v\- vxvl 



■^^^^ viv^QlQ'' 



(5.11) 



^5 

The solutions to the equations of motion of moduli by extremizing the corrected entropy 
function are found to be 

637 -, 9I7 ^ 5677 ,r .^^ 

Then we obtain the corrected entropy function 

Then the entropy is given by 

2TTRVr^ 847 

Sbh = — 2~^^°^^"^°'^'^X^°'^'^^(1 ~ 7?V7V\3j2^- ^^-^^"^ 

When K ^ 0, we return to the extremal case with R'^ corrections. 
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6. Conclusions 

In summary, we have proved that the entropy function is related to the free energy via 
f = ejqi + i^HQl^i) — if^ Ith- ^^ this sense the entropy function is nothing special but a 
transformed version of black hole thermodynamics. We have found that the secret of the 
entropy formalism relies on the near horizon geometry of the metric. While the near horizon 
geometry of a extremal black hole might have S0{2, 1) x S0{D — 1) isometry (for spherically 
symmetric black holes ) or 5*0(2, 1) x U{1) isometry (for rotating holes) in higher derivative 
gravity theory is not generally proved, we have pointed out that the higher derivative terms 
do not change the geometry of AdS space in Poincare coordinate. We have also proposed 
that when we slightly move the black hole geometry from extremality the extremal entropy 
function is still valid. In this case, the near-extremal black hole entropy and the extremal 
black hole entropy function approximately satisfy a equation TS' + T'S ~ fg^. One can 
solve this equation to obtain the near-extremal black hole entropy. As concrete examples, 
we calculate the entropy of non-extremal D1D5- and DlDbp-hianes in the presence of 
higher derivative corrections. Although the above method is not rigorously established, 
our computations agree with the results obtained in previous literature. 
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